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The effect of capillary forces on the dissolution of a hot body in con- 
tact with a free liquid surface is examined. 

The su r face  tens ion  a depends on the t e m p e r a t u r e  
T and concen t ra t ion  c of the solut ion [1], so that  fo r  
sma l l  t e m p e r a t u r e  i n t e r v a l s  AT and low c o n c e n t r a -  
t ions we can wr i t e  app rox ima te ly  

' a  (1 )  a = a o + a , A T T  ~c. 

The constant  coef f ic ien t  ~1 = d(~/dT < 0 fo r  all  
l iquids.  As fo r  the coef f ic ien t  az, i t  may be e i t he r  

negat iv  e or  pos i t ive .  We cons ide r  the case  a z > O. 

The dependence  of su r face  t ens ion  on t e m p e r a t u r e  
and concen t ra t ion  g ives  the r e su l t  that  the hot and 
sa tu ra ted  l a y e r s  of solut ion d i r ec t l y  adjacent  to the 
d i s so lv ing  body sp read  o v e r  the su r face  of the l iquid 
under  the act ion of su r f ace  t ens ion  fo r ce s .  This  mot ion 
is ca l led  cap i l l a ry  convec t ion  [2]. 

Cap i l l a ry  convec t ion  leads  to in tense  d i sso lu t ion  

not only in thin l a y e r s  of l iquid but a lso  in vo lumes  
w h o s e d i m e n s i o n s  a r e  of the s a m e  o r d e r  in all d i r e c -  

t ions [3]. 
Below it is  shown how su r f ace  t ens ion  affects  the 

s teady d i sso lu t ion  of hot bodies  at the su r face  of a 
liquid. An exac t  solut ion of the p r o b l e m  is  found in 
the absence  of a g rav i t a t iona l  f ield.  Graphs of the 
l ines  of equal  concen t r a t ion  and s t r e a m l i n e s  a r e  
p resen ted .  

We note that  in the m o r e  gene ra l  fo rmula t ion ,  with 
a l lowance fo r  g rav i t a t iona l  convect ion ,  the p rob l em  
does not have  an exac t  solution. On the o ther  hand, i t  
is  c l e a r  that  under  c e r t a i n  condi t ions  (light l a y e r s  at 
the top) g rav i t a t iona l  convect ion  wi l l  play no part .  This  
occu r s ,  fo r  example ,  when the dens i ty  of the hot body 

is low in c o m p a r i s o n  with the liquid. 
Cons ide r  a l iquid occupying the h a l f - s p a c e  z > 0. 

The f r e e  su r f ace  of the l iquid is at z = 0. At the o r ig in  
of the s p h e r i c a l  coord ina te  s y s t e m  a heated  rod is  
advanced into the l iquid at a constant  ra te  v0, such 
that the end of the rod is able to d i s so lve  without pene -  
t r a t i ng  into the i n t e r i o r  of the l iquid.  If we denote the 
c r o s s  sec t ion  of the rod  by S 0 and i ts  dens i ty  by P0, 
in unit t i m e  I = v0P0S0 units of m a s s  a r e  d i s so lved .  
The c r o s s  sec t ion  of the rod is a s s u m e d  to be s m a l l  
and is not taken into account  in the p rob lem.  The rod 
suppl ies  Q units of hea t  to the l iquid  each second. 

In the absence  of a g rav i t a t iona l  f ie ld ,  the N a v i e r -  
Stokes equat ions fo r  s teady f r e e  convect ion ,  hea t  con-  
duction, and diffusion and the continuity equat ion have 
the f o r m  

1 
(v h)v  = - - - -  Vp-}- ~ V'v,  

P 

v v T  = ~v~T, 

vVC = D v 2 c ,  

div v ----- 0. (2) 

F r o m  the s y m m e t r y  of the p rob l em,  it fol lows that 

Ov = 0 .  (3) 

M o r e o v e r ,  f r o m  the s y m m e t r y  condit ions on the z -  
axis  (~ = 0) we can wr i t e  

Or, _ OT _ Op Oc 
-- v ~  0 .  ( 4 )  

0~ 0~ 0 ~ - - 0 ~  

At the l iquid su r face  (~ = ~/2) t he r e  is no n o r m a l  
ve loc i ty  component  and no heat  o r  diffusion f luxes  

a c r o s s  the s u r f a c e :  

OT Oc 
v~ . . . . .  0. (5) 

0~ 0~ 

F u r t h e r m o r e ,  at the l iquid su r face  the tangent ia l  c o m -  
ponent of the v i scous  s t r e s s  t e n s o r  must  be balanced 
by the tangent ia l  s t r e s s  due to the va r i a t i on  of ~ (see 
(1)) along the su r face  [2, 3] : 

1 Or, OT Oc 
- -  - -  = ~, + ~ 2  - -  �9 ( 6 )  

~1 r 0"~ ~ r  Or 

At infinity,  all  the funct ions must  approach zero .  And, 
f inal ly ,  the fol lowing in teg ra l  condit ions of constancy 

of the m a s s  and heat  f lows through a h e m i s p h e r e  of 

any radius  with c e n t e r  at the coord ina te  o r ig in  must  
be sa t i s f i ed  : 

. ~ /2  

0 

~ / 2  

2~p c o Tvr - -  Z ~r 

0 

We e m p h a s i z e  that the quantity I is a rb i t ra ry~ i . e . ,  
t he r e  a r e  no l imi t a t i ons  on the actual  ra te  of solution. 

Sys tem (2) admi ts  the sepa ra t ion  of v a r i a b l e s :  

o: O) oo O) 
V r :=:  V - -  , U~,  : :  ~ ~ , 

r r 

11v 04 (0) T - -  ~]v 08(~) , c - -  (8) 
al r (z~ r 
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Fig.  1. f ( A )  as  a func t ion  of A. 

Th i s  f o r m  of the  fu n c t i o n s  a u t o m a t i c a l l y  s a t i s f i e s  the 
cond i t ion  of s u b s i d e n c e  at in f in i ty .  

Subs t i t u t i ng  fun c t i o n s  (8) in to  (2) and  c a r r y i n g  out 
the n e c e s s a r y  o p e r a t i o n s  ( see  [3]), u s i n g  (3), (4), and  
(5), we ob ta in  

0o- = - -  2 d In w, 0i (sin 00~)', 
dO s in0  

03 = (1+ A)Pw~p 0~ = 0 + A ) S  Co- 
' w-~-' (9) 

w = n~ (I + cos 0) ~, - -  ni (1 + cos O)'--; 

l + e  v v 
n l . ~ -  - ; ~ = l / l ~ ;  p =  - - ;  S = - - .  

2 X D 

The e o n s t a n t s  A, Ca, and C 2 a r e  found f r o m  c o n d i -  
t i ons  (6) and (7). In the  no ta t ion  

Q a 1 I a~ 
R r - , R c -  ( 1 0 )  

2~ • 1 2~ D ~l ~ 

t he se  equa t i ons  take  the  f o r m  

A =Ci -+Co-, 
1 

.I (1 + p~ o~) o, dt = RT, 
(11 ) 

0 

1 

~' (1 § S 2 0~) 04 dt = R c. 
b' 

S y s t e m  (11) g ives  A, C1, and  C 2 as  f unc t i ons  of the  
f o u r  p a r a m e t e r s  R T ,  R C, P,  and S and is  too e o m -  
p l i ea ted  fo r  a r e v i e w  of the r e s u l t s ,  in  the g e n e r a l  
ease .  Below we c o n s i d e r  the  spee i a l  e a s e  P = S = 1. 
Then  A, C1, and  C 2 a r e  found f r o m  the  e q u a t i o n s  

A = Cl + C~, 

Rr Rc 
cl  = T ( ~ '  co- = t - - ( ~ '  ( i2)  

{ i  dt Ji O~dt l 
f (A) = (I + A) ~-~ + ~ 1. 

0 0 

The f i r s t  i n t e g r a l  in f ( A )  is  e v a l u a t e d  e x a c t l y  (it d e -  
t e r m i n e s  the  d i f fus ion  hea t  and m a s s  t r a n s f e r ) :  

1 

w 2 n~ e no. - -  n 1 n22  e - -  nx 
0 

Fig.  2. E q u a l - c o n c e n t r a t i o n  l i n e s  : a) R T = 0, R C = 9; b)  41 and 
9; c) 0 and 160; d) 2 7 7 a n d  160. 

Z 

Fig.  3. S t r e a m l i n e s  (A = 24). 
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The second  i n t e g r a l  in f (A)  d e t e r m i n e s  the convec t ive  
t r a n s f e r .  At l a r g e  R T and RC, th is  i n t e g r a l  i s  much 
l a r g e r  than the f i r s t .  The function f (A)  f r o m  (12) is  
r e p r e s e n t e d  in Fig .  1. 

The r e s u l t s  of the  ca l cu la t ions  a r e  r e p r o d u c e d  in 
F igs .  2 and 3. F i g u r e  2 shows the l i ne s  of equal  con-  
c e n t r a t i o n  (the i s o t h e r m s  look exac t l y  the  same) .  Curve  

a c o r r e s p o n d s  to an i s o t h e r m a l  l iquid  and s m a l l  m a s s  
f luxes .  The f o r m  of the i so l i ne ,  which c l o s e l y  r e -  
s e m b l e s  a s e m i c i r c l e ,  i nd i ca t e s  the  p r e d o m i n a n c e  of 
the d i f fus ion  m a s s  t r a n s f e r  m e c h a n i s m .  Curve  b is  
the s a m e  l ine  of equal  concen t r a t i on  at r e l a t i v e l y  low 
hea t  f luxes .  The s h a r p  c o m p r e s s i o n  of the  i s o l i n e s  
points  to deve loped  t h e r m o c a p i l l a r y  convec t ion ,  which 
e n t r a i n s  the dense  l a y e r s  of solut ion and c a r r i e s  t hem 
along the s u r f a c e  of the  l iquid.  The cu rve  c r e p r e s e n t s  
the  l ine  of equal  concen t r a t i on  in the  i s o t h e r m a l  l iquid  
at l a rge  m a s s  f luxes .  Curve  d r e p r e s e n t s  the  s a m e  
i so l ine  at  l a r g e  R T. 

The s t r e a m l i n e s  a r e  shown in Fig.  3. The d i r e c t i o n  
of mot ion  is  i nd ica t ed  by  the a r r o w s .  

In Fig.  2 ( cu rves  b,  c, d) and Fig.  3, the  c a p i l l a r y  
convect ion  m e c h a n i s m  is  p la in ly  v i s ib l e .  The c a p i l l a r y  
f o r c e s ,  d i r e c t e d  t o w a r d  the cold  l a y e r s  and low con-  
c e n t r a t i o n s ,  s t r e t c h  the i s o l i n e s  a long the s u r f a c e ,  
whi le  the l iqu id  f lowing a long the z - a x i s  f r o m  the in -  
t e r i o r  p inches  the i s o l i n e s  at the  cen te r .  

It is  not d i f f icul t  to extend t h e s e  r e s u l t s  to the  d i s -  
so lv ing  of a cold  body in a hot  l iquid ,  to the  ca se  of 
nega t ive  so rp t ion ,  e tc .  

It is  i n t e r e s t i n g  to note that  when P = S the t e r m s  
R T and R C e n t e r  into the equat ions  in exac t ly  the s a m e  
way,  so that  when R T = - R  C (cold rod) ,  c a p i l l a r y  
co~--ection does  not occur .  

NOTATION 

is  the s u r f a c e  tens ion;  z is  the  p o l a r  axis ;  v0, 
So, and P0 a r e  the  ve loc i ty ,  c r o s s  sec t ion ,  and dens i ty  
of the rod;  I i s  the  m a s s  flux; Q i s  the  hea t  flux; 
V(Vr,V~, v e )  is  the  ve loc i ty  of the  l iquid;  p i s  the  p r e s -  
sure ;  T is  the t e m p e r a t u r e ;  c i s  the  concent ra t ion ;  
p i s  the  dens i ty ;  X i s  the  t h e r m a l  dif fusivi ty;  D i s  the  
d i f fus ion coeff ic ient ;  ~ is  the dynamic  v i scos i ty ;  ,, i s  
the  k i n e m a t i c  v i s cos i t y ;  r ,  ~, and ~ a r e  s p h e r i c a l  
coo rd ina t e s ;  P i s  the  P r a n d t l  number ;  S is  the  Schmidt  
n u m b e r  (diffusion P r a n d t l  number) ;  R C i s  the d i m e n -  
s i o n l e s s  m a s s  flux; R T i s  the  d i m e n s i o n l e s s  hea t  flux. 
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